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Abstract Abstract Abstract Abstract     

Our aim in this paper is to solve the homogenous and 

nonhomogenous linear partial differential equations with 

constant coefficients by using Laplace transformations:- 

1.    with some initial conditions. 

2.    Without any conditions. 

IntroductionIntroductionIntroductionIntroduction    

Laplace Transformation [5] is an important 

transformations for solving linear ordinary and partial differential 
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equations with constant coefficients which subjected to some 

initial or boundary conditions. 

In [3] Mohammed, A. H was suggested different method 

from the usual method about solving linear ordinary differential 

equations by using Laplace transformations (L.T)  with constant 

coefficients and submissive for initial conditions, also in [2] 

Mohammed, A. H suggested another method for solving linear 

ordinary differential equations with constant coefficients and 

without  using any conditions by method of Laplace 

transformations also. In our work, we generalized the above two 

methods for solving the linear partial differential equations with 

constant coefficients . 

1.    with some initial conditions 

2.    without using any conditions. 

In [3] Mohammed, A. H supposed a linear ordinary 

differential equation of order (n) with constant coefficients and 

due to certain initial conditions, which general form can be 

written as follows:-  

)(...)1(

1

)(

0 xfyayaya n

nn
=+++

−  

Where f(x) is continuous function whose Laplace 

transformation can be determined and )0(,...,)0( )1( −n
yy  are 

defined, after he taking (L.T) to both sides to the above equation 

he put   

)(

)(
)(

sk

sh
yL =  

Where h and k are polynomials on (s), such that the degree 

of (h) is less than the degree of (k) and the polynomial (k) with 

known prime factors and by taking inverse Laplace 

transformation ).( 1
TL

−  to the last equation, he put the general 

solution as follows:  
)(...)(00 xkAxkAy mm++=  
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Such that mkk ,...,0  are function of x ( m equal to the degree 

of k(s)) and that mAA ,...,0  are constants. To find the values of 

)...,,0( miAi =  he substituted the initial conditions, one of them is 

y(0) and by taking derivatives of the last equation (m) times he 

got system of linear equations and by solving this linear system 

he obtained the values of ),...,0( miAi =  and so by this method he 

obtained the solution of the required differential equation. 

In [2] Mohammed , A. H also, supposed the above 

(L.O.D.E) but without subjected to any initial conditions he took 

L.T to both sides, he found 
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Where h(s) is polynomial of (s) represents denominator of 

L.T of the function f(x) and k(s) is also a polynomial of (s) and 

its degree smaller than the degree of the product of )...( 0 n

n
asa ++  

and h(s) and after he took ).( 1
TL

−   to the above equation he found 

that  
)(...)()(...)( 1111 xhBxhBxgAxgAy rrnn +++++=  

Where sAi '  and sB j '  are constants and sg j '  and sh j '  are 

functions of x. The number of constants sBi '  and the number of 

shi '  are equal to the degree of h(s) which supposed to be ( r). He 

noted that the order of (O.D.E) is (n) , therefore its general 

solution must contain (n) constants only, but the last solution 

contains (n+r) constants and to solve this problem, he eliminated 

( sB j ' ) by obtaining whose values by substituting the last solution 

on (O.D.E), so he found a solution contains only (n) constants 

and by this method he got the general solution to the above 

(O.D.E) without using any initial conditions Mohammed, A. H 

[2] , [3] noted that the differ between his method and the usual 

method of (L.T) is that the usual method depends on the 

numerator, but his methods are independent on numerator. 
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DefinitionDefinitionDefinitionDefinition: The Laplace transform of a function f(x) is denoted 

by L{f(x)} and is defined as the integral of )(xfe
sx−  

between the limits x=0 and ∞=x   , i.e 

)()()()}({
0

sFxdxfexfL
sx

≡= ∫
∞

−  

The constant parameter (s) is assumed to be positive and 

large enough to ensure that the product )(xfe
sx−  converges to zero 

as ∞→x  , for most common functions f(x) see [4]. 

Definition: Laplace transformation for a function u(x,t) is 

defined by the following form  

0;),(),()},({
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−
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From above definition, we get the following  
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Note: For properties of Laplace transformations and it's 

inverse, see [1], [4]. 

 

The The The The Suggested methods about partial Differential Suggested methods about partial Differential Suggested methods about partial Differential Suggested methods about partial Differential 

Equations:Equations:Equations:Equations:----    

1. The first method with some initial conditions, this method is 

summarized as follows:- 

Suppose we have a P.D.E of order (m+n) with constant 

coefficients due to certain initial conditions, which general form 

can be written as follows : 
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Where ija  are constants, f(x,t) is a continuous function 

whose (L.T) can be determined, and some initial conditions 

),...,0,(),0,( xuxu t  are defined. 

To find the solution of the P.D.E (1) we can take (L.T) to 

both sides of it and after substituting the conditions, we obtain an 

O.D.E of order (n) . 

The general form of it is 

),(...)1(

1
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0 sxgvavava n

nn
=+++

−      (2) 

Such that naaa ,...,, 10   depend on )( ija  and (s)  

The later O.D.E its dependent variable is (v) and the 

independent variable is (x) , such that v=L {u} . 

After this, we write equation (2) by )(
dx

d
D =  operator. 

Thus we get 
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From equation (3) , we get  

),(.
),(

1
sxg

sDN
v =        (4) 

Where N(D,s) is a function of D and s. 

And after solving equation (4) , we get 

)(

),(

sN

sxg
v =         (5) 

Where ),( sxg is a function of (x) and (s) and may be equal 

to g(x,s) or not, and )(sN  is a function of (s). 

Now, since )(1
vLu

−
=  , then 

}
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sN

sxg
Lu

−
=        (6) 

Equation (6) represents the solution of the P.D.E (1), 

which we can be written by the form: 
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)()(...)()()()( 1100 tkxAtkxAtkxAu mm+++=    (7) 

Such that mkkk ,...,, 10  are functions of (t) and that 

mAAA ,...,, 10  are functions of (x) , whose numbers equal to the 

degree of )(sN . 

The Heat Equation [6]  

The heat equation (one dimensional heat equation and 

without heating source) has the form 

xxt uu
2

α=  

Where u(x,t) represents the temperature at the point (x) 

and time (t),  

),( txU t  represents the average of temperature change, 

),( txU x  represents the slope of temperature curve, 

),( txU xt  represents the convex or concave of temperature curve, 

α  constant which is called diffusibility and it's equal 
t

k

α
 , where 

k represents heat conductivity coefficients and  α  represent 

density, and all of them are constants. 

We shall show the above method by the following 

examples:- 

Example Example Example Example ((((1111)))) : To solve the irreducible P.D.E (Heat Flow 

Equation) 

xxt uu =         (8) 

With only one initial condition u(x,0) = xπ2sin3  , we take 

(L.T) to both sides of equation (8) , then  

xsv
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vd
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vd
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      (9) 

From equation (9) , we have  

)2sin3(
1

2
x

sD
v π−

−
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Thus, 
24
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x
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Since, )(1
vLu

−
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So, xeu
t

π
π 2sin3

2
4−

=  (represents the solution of (8)). 

 

Example Example Example Example ((((2222) : To solve the non homogenous reducible with 

homogenous terms P.D.E 

tuu tx 84 −=+        … (10) 

With initial condition u(x,0) =0 , we take (L.T) for both 

sides , we get  
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From equation (11) we get  
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Since, }{1
vLu

−
=  

So, 2
tu −=  (represents the solution of (10)) 

 

Example Example Example Example ((((3333):):):): To solve the reducible  P.D.E (wave Equation) 

with homogenous terms  

xxtt uu =        …  (12) 

With only two initial conditions )0,(sin)0,( xuxxu t−== π  we 

take (L.T) to both sides of equation (12) , we get  
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Since )sin
1

(cossin)(1
ttxuvLu π

π
ππ −=⇒=

−  

Represents the solution of equation (12). 

 

2. Now, we will explain how we can use Laplace transformation 

to solve L.P.D.E without using any initial and boundary 

conditions. 

We will show this method through out second order linear 

partial differential equation with constant coefficients which has 

the general form  

),( txfFuEujuuCBuAu txttxtxx =+++++    (13) 

Which doesn't obey to any initial and boundary conditions 

and we suppose that the (L.T) of f(x,t) is known. 

 

To solve equation (13) we take (L.T) to both sides, we get  

)(

),(
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1

122

sk

sxh
vFEsJDCsBsDAD =+++++    (14) 

Equation (14) is an O.D.E of second order with constant 

coefficients FEsCsJBsA ++
2,,,  where )(1 sk  is a polynomial of (s) 

represents the denominator of L.T of the function f(x,t), and 

),(1 sxh  is a function of (x) and (s) and it isn't necessary to know 

the terms of ),(1 sxh , we only denoted it by this symbol[2],[3]. 

To solve equation (14), we have 

),(.
))((

1
122

1

sxh
FEsCsJDBsDADsk

v
+++++

=  

Now, we'll substitute any constant say (b) instead of D, 

(because the (L.T) is known for )cosh,sinh,cos,sin,( axaxaxaxe
ax  

and its multiplications of these functions, but if the function f(x, 

t) consists polynomial in (x) we applied the fact 

...)1(
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1 2
+++=
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DD

D
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see [1], the constant b may be equal to a  or )1( −=iai ), 

that is  

)(
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Where ),(2 sxh  is a function of (x) and (s) and may be equal 

to ),(1 sxh or not, )(2 sk  is a polynomial of (s) 

Since  }{uLv =  

}
)(

),(
{

2

21

sk

sxh
Lu

−
=⇒  , thus we have  

∑=
i

ii tfxBu )()(        (15) 

Number of i  depends on the degree of  )(2 sk , )(xBi  are 

functions of (x) and )(tfi  are functions of (t), (u) may contain one 

or more of the functions )(xBi and )(tf i . 

To find the forms of the functions )(xBi , we take 

derivatives of equation (15) w.r.t (x) and (t) to get xttxxx uuuu ,,,  

and ttu . 

We substitute all these derivatives and u in equation (13) 

and by equality coefficients of both sides we get the values of 

ixBi ∀),(  , and by this method we obtain the solution of the P.D.E 

(13). 

 

Example Example Example Example 4444: - To solve the non- homogenous reducible  P.D.E 
yx

txttxx euuuu
+

=++−     …  (16) 

By using L.T and without using any conditions, we take 

L.T to both sides, we get  
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To find the solution of (v) we substitute (1) instead of the 

operator(D) (because the  cofactor of x for the function x
e equal 

to one), so, we have  
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Since }{1
vLu

−
=  t2tt C(x)eB(x)eA(x)eu −
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Where CandBA,  are functions of x, and to find the forms 

of them, we must find tttxxx uuuu ,,,  and after finding them, we 

substitute them in P.D.E (16), thus we have 

x
eeccxA
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+++++=⇒  

Where c1,c2 ,c3 and c4 are constants. 

 

Example Example Example Example 5555    :- To solve the homogenous irreducible P.D.E 

0222 =+++++ uuuuuu txxtttxx      (17) 

We take (L.T) to both sides, we get 

),()1222( 22
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tata
eBtAeu

)1()1( +−+−
+=⇒     ; A and B are functions of (x). 

Now, to find the forms of the functions A and B , we must 

find tttxxx uuuu ,,,  and xtu  and after finding them, we substitute 

them in P.D.E (17), thus we find  
axax

excecxcxA
2

321 )()( −+=  

tsconsarecandcccecxcxB
ax tan,,;)()( 432143 +=  

taaxtaax
etcxcexccxcu
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321 )()( +−+−
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Where 4321 ,,, cccc  and a are constants. 
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