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Abstract:

Our aim in this paper is to find the solution of Linear
Simultaneous Ordinary Differential Equations (L.S.O.D.E) with
constant coefficients subjected to some initial conditions or
without using any conditions by using Laplace Transformation
(L.T) through generalized the two methods that Mohammed
[1],[2] approached to it.

Introduction:

Laplace Transformation [5] is considered as one of important
transformation which is known to solve the Linear Ordinary
Differential Equations(L.O.D.E) with constants coefficients .
Mohammed [1] supposed a (L.O.D.E.) of order (n) with constant
coefficients and due to certain initial conditions which general
form can be written as follows :

aoy"+a1y”_1+...+any=f(x) , (1)
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where a,,aq,,...,a, are constants, y" the nth derivative of the

function y(x) ,f(x) is a continuous function whose L.T can be
determined, and y(0),.. .,yn'l(O) are defined . To find a solution of
D.E (1) he took L.T to both sides, after substituting initial
conditions and simplification he put L(y) as follows

Liy)="D @
k(p)

where h, k are polynomials of p, such that the degree of h is less

than the degree of k and the polynomial k with known prime

cofactors, by taking the inverse of Laplace Transformation

(L'l.T) to both sides of equation(2) he found

4 h(p)
L(y)=L1Y{—£0) | 3
(y) {k(p)} (3)

equation(3) represents the general solution of the equation(1)
which can be written of the form :

y = Agko(x) + Aiki(X) + ...+ Apkn(X) 4)

such that ko, ki, ...k, are functions of x and that Ay,A,,...,A,, are
constants, whose number equals to the degree of k(p) to find the
values of A,...,A,, he substituted the initial conditions, one of
them is y(0) so he found

Aoko(0) + Aiky(0) + ...+ Ankn(0) = y(0) (mo)
By taking derivatives of (4) m times he got
Aoky’(0) + Ak(0) + ... + Ak, (0) = y'(0) ...(my)
Aoko”(0) + Aiky”(0) + ...+ Ak, (0) = y7(0) ...(my)
Agko"(0) + Atk "(0) + ...+ Anky"(0) = y"(0) (mo)

This linear system can be solved to obtain A,,...,A,, and so by
this method he obtained the solution of the required differential
equation(1) . Mohammed [2] also, supposed the L.O.D.E. (1) of
order (n) with constant coefficients and without subjected to any
initial conditions i.e y(O),y’(O),...,y(“'l)(O) are unknown and the
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L.T of f(x) 1s known, so to solve equation(1), he took L.T to both
sides, he found :

k
L= 2

(ayp” +a,p"™ +...+a,)h(p)

where h(p) is polynomial of (p) represents denominator of L.T of
the function f(x) and k(p) 1s also a polynomial of p and its
degree smaller than the degree of the product of (agp" + a;p™' +
...+a,) and H(p)and after he took (L'l.T) to both sides of the
above equation, he found that

y= Algl(x) + Azgz(X) + ...+ Angn(x) +Bh;(x) + Bohy(x) +...+
Bh(x) ...(5)

where Aj,...,A, and By,...,B, are constants and gi,...,g, and
hy,...,h, are functions of x . The number of the constants B; and
the number of the functions h; ,i =1,2,...r are equal to the degree
of h(p) which is supposed to be (r) .

Note that the order of equation (1) is (n) therefore its general
solution must contain (n) constants, but the solution in equation
(5) contains (n + r) constants and to solve this problem, he
eliminated some of these constants By,...,B; by obtaining whose
values by substituting the solution (5) in the equation(l) so he
found a solution contains only (n) constants (unknown) and by
this method he got the general solution of equation(1) without
using any initial conditions by using L.T.

In (2007) Noor [3] generalized the above two methods for
solving Linear Partial Differential Equations with constants
coefficients .

In this paper ,we generalized the two methods which Mohammed
[1],[2] approached to it for solving L.S.O.D.E. with constant
coefficients either subjected or not subjected to initial conditions.
Note (1):

The number of arbitrary independent constants which can appear
in the general solution for example the set of L.S.O.D.E.
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fiD)x + g(D)y +ki(D)z=h()
(D) x + 2(D)y + k(D) z =hy(t)
f3(D)x + g3(D)y +ks(D) z=hs(0),

. Dy d
where D is an operator which is represents D = 7
'

can be equal to the degree of D in the determinate
fi(D) g,(D) k(D)
f2(D) g,(D) ky(D)=A
f3(D)  g3(D) k3(D)

by assuming that A is not equal to zero but if A=0 then the set
is not independent and we are going to discuss these sets here[5].

Basic Definitions and Properties :
Definition |:

The Laplace Transformation of the function f(x) such that x > 0
and denoted by L{f(x)} defined as follows:

L{f(0)}=[e™™ f(x)dx=F(p)
0
provided that this integration is convergent, p is a real number .
Definition 2:

If F(p) represent a Laplace Transformation for a function f(x)
then f(x) is said to be inverse of Laplace Transformation and will
be written as :

f(x) = L {F(p)}

If the Laplace Transformation f(x) is known then directly we can
find the inverse of L.T.or by using the method of partial
fraction[6].

Property I

vy
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If f;(x),f2(x),...,f,(x) are (n) functions such that x >0 and cy,...,c,
are (n) number then L{cf;(X) + cf2(X) + ...+c (X))} =
o L{fix)}+ c;L{fr,(x)} + ...+c, L{f,(x)} ....see[4].

Property ¢2:

Let f(x) be a function such that x>0, then L{ebxf(x) }=F(p-b)
Where b is a number . See [4].

Property 3:

If L{Fi(p)}=fi(x), L {Fa(p)} =r(x) , ..., L {Fy(p)} = fu(%)
and if a,,...,a, are numbers then L'l{alFl(p) + a,F,(p) +
A+ Fip)) = aifi(x) + afh(x) + ...+, fi(x) ..... see[4] .

Property 4:
If L'{F(p)}=f(x) ,then L' {F(p-a)}=e™ L' {F(p)} see[4].

Generalized the Two suggested Methods [lI].[2] for Solving
(LS.0.D.€):

Generally, to solve the set of (L.S.O.D.E) let us consider the
system of (L.O.D.E)

fiD)x + giD)y +ki(D) z=h()

f,(D)x + 2(D)y +ka(D) z =hy(t)

f3(D)x + g3(D)y +ks(D)z=hs(1),

by taking L.T. to both sides .We can put

fi(p)x + gi(p)y +ki(p)z=h; (p)
f,(p) x + g(p)y +ka(p) z=hy*(p)
fip) x + g(p)y +ks(p) z=h3*(p),

where f; , g; and k; are polynomials of p wherei=1,2,3 and

Yy
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h;*(1=1,2,3)are the L.T of h;(i=1,2,3) respectively.
Also, we can use Grammar Rule [6]to find X(p):

X(py=2)

M(p) see [2]
where M(p) is a polynomial of p represents denominator of
(L.T)of the function X(t) and N(p)is also a polynomial of p and
its degree smaller than the degree of the polynomial M(p). Now
let us consider that:

I The above system are not subjected to any initial conditions,
then by taking (L".T) of the above equation, we get

x(1) = L—l{M

M(p) , see [ 2]

By the same way, we can find the formulas of y(t) and z(t) .So
x(t),y(t) and z(t) represent the general solution formula of
(L.S.O.D.E)which have contain a number of constants which
are more than the degree of A ,therefore we derive the solution
formula which we have got for every variable according to the
order of the (L.S.O.D.E) and then we substitute it in the
original equations and equalize the oefficients, by doing this
we get the values of the extra constants in the solution nd we
obtain the general solution formula for (L.S.O.D.E).

II- The above system are subjected to some initial conditions
then we substitute these conditions before got the formula of
X(p) -And by taking L'of (L.T) of equation (1), we get

X =L (P

M(p) see[ 1]

And by the same way we can find the formula of y(t) and z(t).
So x(t),y(t) and z(t) represent the general solution formula of
(L.S.O.D.E) which it have a number of constants and to find
the values of these constants we will see that the number of
initial conditions are not enough to solve the system of

v
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equations which we have got, because the number of equations
may be less than the number of constants , whence we should
find additional conditions that can be get by the (L.S.O.D.E)
and the initial conditions that are given ,for this we may derive
the given (L.S.O.D.E) many times and then we get the
additional conditions, the requisite importance that the number
of equations must equalize the number of constants that appear
in the general solution in order to solve the linear system .

Examples:

€xample (I) : To solve the set of the L.S.O.D.E
XO+Y@®)+Y@) =1
X'(t) +2X(t) -Z'(t) +Z(t) = 1
Y'(t)+ Y (t) +Z/(t) +2Z(t) =0,
by using (L.T) without using any initial conditions, we take (L.T)
to both sides of the above system, so we get

h
p X(p) +(p+1)Y(p) = h(p)

h
(p+2) X(p) — (p-1) Z(p) = 2;” )

(p+1) Y(p) +(p+2) Z(p) = hs(p) ,see [2]
where h;(p),h,(p) and h3(p) are polynomial of p ,by using
grammar rule, we get

K,(p)

4
p(p+D(p+ g)

where K;(p) is a polynomial of p which has degree less than three
1.e less than the degree of denominator .Now, we can get the
solution x(t) after taking (L'I.T) to both sides,

SO we get

X(p)=
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—4
—t

X(t): A1+ Ble't + C1 e’
by the same way we can find y(t) and z(t), which formulas are
given by
-4

—1t

Y(t) = A2+ Bze_t + C2 e’

-

Z(t) = A3+ B3e't + C3 e’
where x(t) , y(t) and z(t) represent the general solution of
required equations.
The given equations have second degree of A ,so the general
solution must contain two constants only, while the general
solution formula of (L.S.O.D.E) has nine constants , therefore,
we should eliminate six constants ,for this we get x’(t),y’(t) and

7/ (t) from the general solution ,as follows:
—4

X'(t)=-B,e' - %Cle5t
4
Y'(t) = -B, " — %Cze 5"

—4

Z'(t)=-Bye' - %C3e5l

we substitute X(t),X"(t),Y(t) ,Y’(t) Z(t) and Z'(t) in the original
equations, we get:
-4 4 —4

4 5! + 4 <! -t ?t
—Ble —ECIeS -Bze —§C2e5 +A2+B26 +C2 e

=1

—4 -4

4 —t -

-B, e't —icle?l-F 2A1+ 2Ble't + 2C1 e’ +B3 e't +EC e’ A3+
5 5°°

v
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-4 -, -4
. 4 5! -t 5 . 4 5!
-B, e —g C2€ > +A2+ B.e™ + C2 € -B3€ —g C3€ > +2A3+
3,
2Bse" +2C;€° =0
And by equalizing the coefficients of both sides, we get
A1:3/4, A2 :1,A3:-1/2, B1:0 ,B3:0, C2 - 4C1 N C3 =(—2C1)/3

therefore, the general solution is :
—4

3 ?f
... X(t):Z—i_Cle
4
Y(t)=1+B,e'+4C, €°
-4
-1 2 —t
Zt)=—-—-=C.e?’ ,
(t) 5 T3%

which has two arbitrary independent constants .
Example (2) : For solving the equations
X7+ Y’ (t) - X(t) +2Y(t) = ¢'
Y”(t) +Z7(t) +2Y ()+Z'(t) = €'
X"(t)+Z7(1) -X'()+Z'(t) =¢'
By taking Laplace transformation to both sides and without using
any initial conditions, we find

h
(0-p) X(p) +( p+2)Y(p) = 1P

-
(p” +2p) Y(p) + (p° +p) Z(p) =

1
hz(P)
p—1

h
(5-p) X(p) +(p+p) Z(p) = ;(pl) . see [2]

where h;(p),h,(p) and h3(p) are polynomial of p, by using
grammar rule, we get:

Yv



s s (0 ] Sy Bl gad aladily ALl i slaall Ja 8

K, (p)

p(p—-1)?
where K;(p) is a polynomial of p and by taking LT to both
sides ,we get the formula of x(t), and by the same way we can
find the formula of y(t) and z(t) so:

X(t) = A1+ Blet + C1 tet

Y(t) = Ayt Boe' + Coe™

Z(t) = Az+ Bse' + Cae™
which represent the general solution of required equations .
The given equations have six degree of A ,so the general solution
must contain six constants, while the general solution formula of
(L.S.O.D.E) has nine constants , therefore ,we shall eliminate
three constants ,for this we get x’(t),y’(t), z’(t),x”(t), y”(t) and
z”(t) formula from the general solution ,as follows:

X(p)=

X'() = (B, + Cy )e' +C; te' :Y'(t) =By e' —2C,e™
and Z'(t)=B;e'— Cse”

X”(t) = (By + 2C; Je' +C; te' :Y”(t) = By e' + 4Cpe™
and Z”(t)=Bse'+ Cse”
By substituting X(t),X"(t),X”(t),Y(t) ,Y'(t),Y”(t), Z(t) ,Z'(t)and
Z”(t) in the original equations ,we get
(B + 2C; )e' +C; te' + By e' + 4Coe™™ - (B, + C; )e' -C, te' + 2B, ¢'
—4Ce =¢'
B,e' +4Ce™ + Bye' + Cse'+2B, ' — 4C,e ™ + By e' — Cse' = ¢
(B; +2C; )e' +C  te' + Bse' + Ce™ - (B; + C; )e' -C; te' + By e' —
Cie'=¢'
And by equalizing the coefficients of both sides, we get
C=12,B,=1/6 ,B;=1/4,
therefore, the general solution is :
X(t)=A+Bie'+( te)
Y(t) = Ast (e)/6 + Cre™

YA



VT AP A R OS—— S 3y 923 oIl Ll cfataall Ja b

Z(t) = As+ ( €)/4 + Cse™
This solution contains only six independent constants equal to the
degree of A .
€Example ( 3 ) : For solving the equations

X'(t)-2X (t)-Y(t) =0

Y'(t) - Y(t) =6e"

Z'(t) - X(t) =2sint,

with the initial conditions X(0) = Y(0) =Z(0)=0.

We take L.T to both sides and by substituting the initial
conditions , we find

(p-2) X(p) -Y(p) =0
__6
P-DY() = e

PZ(P)-X(P)= 0 |

by using grammar rule, we get
X(p)= K,(p)

p(p—D(p-2)(p+2) see [ 1]
where K;(p) is a polynomial of p.
We can find X(t) ,after taking LT of above equation and by the
same way we can find Y (t) and Z(t) so

X(t)=A+Bie'+Cr e + Die’

Y(t) = Apt Boe' + Coe™ + Dye™

Z(t) = As+ Bse' + Cse™ + Dse™ + Escos t + Gy sin t
since the general solution of X(t) ,Y(t) and Z(t) have fourteen
constants so we need the same number of Linear equations ,we
get some of them by the initial conditions X(0)=Y(0)=Z(0)= 0
,and to find the other equations we shall find additional
conditions by substituting the value of primary conditions in the
original equations we find another initial conditions ,as follows :
X(0)=0,Y0)=6,Z20)=0,X"0)=6,Y70)=0,2"0)=2,
X70)=12,Y70)=6, XY 0)=18,Y* 0)=0.,Z? (0)= 10,

7 (0)=18.

¥4
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by substituting these initial conditions in the derivatives of the
general solution of X(t), we get
X(O)=A1+B1+C1+D1=O
X,(O) =B, + 2C1 -D, = 0
X”(0)=B;+4C,+D; =6
X,”(O) =B, + 8C1 -D, = 12
By solving these equations , we find
A1=0, B1= -3, Cl = 2, Dl =1
Also ,by the same way we can find the other constants , we get
A2=O, A3= 5, B2=3, B3= -3, C2=O, C3=1, Dz =-3 ,D3,=-1, E3=-2,G3 =O
And by substituting these values of constants in X(t),Y(t) and
Z(t), so:
X(t) =-3e'+2 e+ et
Y(t) =3e' - 3e®
Z(t)=5-3¢e +2e"—e'-2cost
which is represent the particular solution of the original
equations .
Example ( 4 ) : To solve the set of the L.S.O.D.E
X7(t) 42 X'(t) + X (1) +2Y’(t) + 3Z/(t) =1
X'(t) + Z(t)=0
X(t) - Y'(t) - Z'(t) =0, with the initial conditions
X(0)=7(0) =1,Y(0)=0.
We take L.T to both sides and by substituting the initial
conditions, we find:

(p*+2p+1) X(p) +2pY(p) +3pZ(p) =

p X(p) +Z(p) =1
X(p) —pY(p) PZ(p) =-1
By using grammar rule ,we get

X(p) J— K1(P)
P(P"‘E)

p>+4p+1
p

, see[1]
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where K;(p) is a polynomial of p.
After that we take LT to both sides to above equation, we get
-3
—1
X(t)=A+B,e? .
by the same way we can find Y(t) and Z(t) , so
-3
—1
Y(t) = A2+ Bot + C2 e’
-3
—t
Z(t) = A+ By e,
since the general solution of X(t) ,Y(t) and Z(t) have seven of
constants so we need the same number of linear equations ,we
get some of them by the initial conditions X(0)=7Z(0)=1,Y(0) =0
,and to find the other equations we shall find additional
conditions by substituting the values of primary conditions in the
original equations we find another initial conditions, so:
X'(0)=-1,Y'(0)=5/2,72'(0) =-3/2 , X”(0) =(23/2),Y"(0) =(-
13/4) ,7”°(0) =9/4 ,
Also, we derive X(t) to the same numbers of initial conditions
that we found and by substituting the initial conditions in the
derivatives, we get:
X0)=A;+B; =1 , X(0)=(-32)B;=-1
by solving these two equations , we find A;=1/3,B,=2/3 .
Also by the same way , we can find the other constants, so
A,=(13/9), B,=1/3, C,=(-13/9), A3=0, Bs=1
And by substituting these values of constants in X(t),Y(t) and

Z(t), we get :
1 2 2
Xt)y=—+—e?
(1) 37 3¢
=3,
Y(t)=£+lr—2e2
3 9

£
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So X(t) ,Y(t) and Z(t) represent the particular solution of the
original (L.S.O.D.E).
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