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Abstract:

In this paper we get method to evaluate singular integrals
by using linear approximation of integrand for treatment
singularity at one of or both infinite intervals integral. Numerical
example is given to show the practical application of the method.

I- Introduction

Let R[I] be the set of real functions defined on the closed
interval 1=[a,b] on the real axis and let T[f] be a linear function

over R[f] ,i.e. a linear function defined for every FO)eR]

we assume the continuity to T(f) in the sense that
T[fn]— 0 as f eR[l] (1)
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Approaches uniformly to zero with its all derivatives.
The function fla) at «ael, the derivative

f'l) at ael, and the definite Integral over | are
continuous linear functions over R[], for example .

A continuous linear function over R [I] can be expressed in
the form of a contour integral

T[f]= j w(x) f (X)dx, 2

where

()= T[ia} 3)

If f <R[I] there exists an open interval J which includes I.
The relation (2) can be easily obtained if we substitute the
Cauchy's representation of function

f) =] é f (x)dx (4)

In to T[f] and exchange the order of the operation T and the
integration.
This exchange is showed to permitted as follows.
The integral in the right hand side of (4) can be approximated
uniformly for

ael byaRiemann sum

fo(@)= 37 )M, 5)

where Ak is a pointin I and AMEheAyr.

Since Ax and Alx do not depend on x and TIf] is linear with
respect to f ,we have
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T.[f.]= ZT h }f(zﬂﬂ)Mk (6)

The subscript x is attached to T in order to show explicitly that
the operation of T is  that with respect to x .When n—ow ,f,
approach to f and we have

imT[f-f]=0 7)
from the continuity of T, and hence

limT[f,]= J'T{ Jf(x)dx (8)

There are many approximation formulas T.[f] for numerical
calculation which can be regarded as continuous linear function
on R[I] . For such formulas we also have

T[f1= %, (0 f ()dx, 9)

1
where Y. (X)=T, {E} . (10)

Then the error En[f] which is produced when T[f] is
approximated by T [ f] is given

ELf1=TLF1-T,[f]1=[4,09f (x)dx (11)

where ¢, () =w () -y, (%) (12)

The function  #.(X) s determined only by T and T, , and does
not depend on f.

We call ¢, (x) the characteristic function of the error .
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2-linear approximation of real function

The Contrul integral representation of T[f]=f(x) is nothing
but the Cauchy's representation (4), and hence we have
1 (13)

X—

W(x) =

In the present problem
Let T,[f] be a linear approximation of f(x). Then the error is
given by

E,[f]=[4,. (0 (9dx, (14)

where ¢”'“(X):xl -T.l L | (15)

2 X—a

Since the error depends on the point x at which the evaluation of
Tn[f] is carried out the characteristic function ¢ ,(x) also
depends on a .For the maximum error

E™[f]=max|E [f] (16)
we have an estimate
Er[f1< [ (0] f ()], (17)

Where
- (X) = max

B (X, (18)
And it does not depend on x.

3-€rror Estimation in Taylor's series

The truncation error of the following Taylor’s series for a
function f(x) around X=X,
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FO) = F(%) + (x=%) /(%) .+ ——= : (X=%o)" " £ TP (%) + E, (1)

(n-1!

(19)
can be expressed in the form of a contour integral
E.[f1=[4,.00f (dx (20)
where ¢, (X)= (@-a)” | (21)

(X—a)(x—a,)"
we put ap= and assume 1=[0,1],i.e. we assume that the truncated

Taylor’s series is used in the range [0,1] in the actual
computation .then

lt, ()] = Lﬂ (22)

[x =
4-Polynomial Interpolation

The error of polynomial interpolation f,(X) with the sampling
points Xy,Xy,...,x, for a function f(x) is given by
E[f]=f(a)-f,(a)= [[¢W(x)f(x)dx (23)
in which the characteristic. Function is defined by

b () = af 2 ax

after replacing vy by its p-th order Taylor's expansion around x=a
,we obtain

v () =o,(0+ S L0 0x)  p20

(24) (p+D)!

where @, (X) :Zp:y/k(a) (x—a)* /k!



(NA) e Lall pad ae dlieal) GOSN Gluad o) cy &l

_aMy 5k¢k(a) 1 “F _\NPH-M P
(;gf;n e = Y o) T (D) i(x 2) "M g™ (A(x))dx.

5-Singular Integrals

We will consider the case of integrals of bounded function
over unbounded intervals.

Let us deal with the im T(X)=o0 or  undefined,  similar
consideration hold when case in which f is infinite as x—b’,
while the case of a point of singularity c¢ internal to the interval
[a,b] can be recast to one of the previous two cases owing to

b c b
I(f):jf(x)dx:If(x)dx+_ff(x)dx (26)
assume that the integrand function is of the form

f(x) = ¢(X)A, 0< A<l
(x—a)

Where ¢ is a function whose absolute value is bounded by M .
Then

() <M lim

t—a*

[ ax=m @
" (x—a)* 1-2

1
Example: |=
x=1 to treatment

1% note that ,the integrand is singular at

that, assume that r(x)=a+(b-a)x

then N

o]
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and hence dx = 1 dr
b—a
PR
therefore | :j dr
r-2
2]—-— <
3-2

We obtain an approximate value of integral equal to -0.28768
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