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Abstract: 

 

In this paper we get method to evaluate singular integrals 

by using linear approximation of integrand for treatment 

singularity at one of or both infinite intervals integral. Numerical 

example is given to show the practical application of the method. 
 

1- Introduction  

 

Let R[I]  be the set of real functions defined on  the closed 

interval  I=[a,b] on the real axis  and let T[ƒ] be a linear function 

over  R[ƒ] ,i.e. a linear function defined for every ][)( IRxf  , 

we assume the continuity to T(ƒ) in the sense that  

T[ƒn]→ 0  as       (1) 

   

 

][IRfn 
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Approaches uniformly to zero with its all derivatives. 

The function Iatf )( , the derivative

Iatf  )( ,  and the definite Integral over I are 

continuous linear functions over R[I] , for example . 

A continuous linear function over R [I] can be expressed in 

the form of a contour integral 

  

                                                                (2)                            

      

where                                       

                                                           

                                                  (3)  

  

 If             , there exists an open interval   J  which includes I.  

 The relation (2) can be easily obtained if we substitute the 

Cauchy's representation of function    

                                             

(4) 

 

In to T[ƒ] and exchange the order of the operation T and the 

integration. 

This exchange is showed to permitted as follows. 

The integral in the right hand side of (4) can be approximated 

uniformly for                  

               by a Riemann sum   

 

(5)  
 

 

where λk  is a point in I and  Δλk=λk-λk-1.  
 

Since  λk  and  Δλk  do not depend on x and  T[f] is linear with 

respect to f ,we have                                                                 
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                    ,     (6) 

 

 

The subscript x is attached to T in order to show explicitly that 

the operation of T is    that with respect to x .When n→∞ ,ƒn  

approach to ƒ and we have 

 

,      (7)  

 

from the continuity of  T, and hence 

  

      (8) 

  

There are many approximation formulas Tn[ƒ] for numerical 

calculation which can be regarded as continuous linear function 

on R[I] . For such formulas we also have  

                 

                                                           (9) 
  

                                   

             .     (10)   

 

Then the error En[ƒ] which is produced when T[ƒ] is 

approximated by T n[ƒ]  is given  

              ,    (11) 

              ,  

       ,     (12)  

 

The function                is determined only by T and  Tn , and does 

not depend on ƒ.   
 

We call           the characteristic function of the error .  
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2-linear approximation of real function  

 

The Contrul integral representation of T[ƒ]=ƒ(x) is nothing 

but the Cauchy's representation (4), and  hence we have  

                                                        (13)  

 
 

In the present problem 

Let Tn[ƒ] be a linear approximation of ƒ(x). Then the error is 

given by  

                       

                                      (14)  

 

                            .    (15)  

 

Since the error depends on the point x at which the evaluation of 

Tn[ƒ] is carried out the characteristic function    also 

depends on α .For the maximum error  

        

,      (16)      

    

we have an estimate  

 

                                                             (17) 

 

Where 

                (18) 

 

And it does not depend on x. 
 

3-Error Estimation in Taylor's series 

 

The truncation error of the following Taylor’s series for a 

function ƒ(x) around x=x0  
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(19)             

can be expressed in the form of a contour integral  

(20)          

                                                           

 ,    (21) 

 

we put α0=0 and assume I=[0,1],i.e. we assume that the truncated 

Taylor’s series is used in the range [0,1] in the actual 

computation .then  

                                                                                  

(22) 

 

     

4-Polynomial Interpolation 

 

The error of polynomial interpolation ƒn(x) with the sampling 

points x1,x2,…,xn for a function  ƒ(x) is given by  

                                                                                    (23)                        

  in which the characteristic. Function is defined by  
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after replacing ψ by its p-th order Taylor's expansion around x=α 

,we obtain  

                                                                                          

                                                                                                     

(24)  
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(25) 

 

5-Singular Integrals 
 

    We will consider the case of integrals of bounded function 

over unbounded intervals.  

 

Let us deal with the    or undefined, similar 

consideration hold when case in which ƒ is infinite as x→b
-
, 

while the case of a point of singularity  c  internal to the interval 

[a,b] can be recast to one of the previous two cases owing to  

 

                                                     ,                 (26) 

 

assume that the integrand function is of the form  

 

                                               ,     

  

Where       is a function whose absolute value is bounded by M . 

Then  

     .   

 

 

 

  Example:                          note that ,the integrand is singular at 

x=1 ,to treatment 
 

 that, assume that r(x)=a+(b-a)x   
                                

                           then      
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 and hence                         ,        

 

 therefore                            , 

 
 

We obtain an approximate value of integral equal to -0.28768 
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 الخطٌ لحساب التلاملات المعتلُ مع تقديس الخطأالتقسيب 
 :الملخص
في يرا البخث تملها مو الىصىل إلى طسيقُ لحساب التلاملات المعتلُ             

دى باستخدام التقسيب الخطٌ للدالُ الملاملُ ومعالجُ الاعتلال إذا كاى في إح
أو كلتا نًايتي فترَ التلامل والطسيقُ مىضخُ في البخث مع إعطاء مثال عددٍ 

 للتىضًح. 
 

 ونفسض أى الدالُ الملاملُ تأخر الشلل الأتٌ:       
 فأى          
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تطسق البخث إلى متسلسلُ تايلىز وتقديس الخطأ في يره المتسلسلُ 
 وكًفًُ استخدامًا في اندزاج متعددات الحدود. 

 


