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Abstract:-

P.R.halmos [5] has proved that similar operator on a Hilbert
space H have the same spectrum, moreover they have the same
point spectrum, approximate point spectrum and the same
compression spectrum .

In this paper we show that the situation is absolutely different
for the numerical range by giving an example.

Theorem.1/ gives a necessary condition on the similar

operator S and T get that W(S) =W (T), where () denotes
closure, we also consider the case when H is finite dimensional.

In theorm.2/ we prove that if T and S are similar operators on
complex Hilbert space H such that W(T) is a closed polygon
then W(S) contains the interior of W(T) , while when W(S) and
W(T) are both closed polygon then W(S)=W(T).

Moreover we prove theorm.3/which states that the numerical
range of any operator Ton H unitarily invariant (i.e. W (U*TU)
=W (T)), and we conclude that the numerical radius is also
unitarily invariant.

Finally, we extend thm.3/ to the case of n- tuples of operators
on H.

From theorm.4/ we conclude that the joint numerical radius is
also unitarily invariant.
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Notation:-

In what follows, H denote a complex Hilbert space and T is
any operator on H (bounded liner transformation T: H-----2>H,
or we say TIIB(H)). The numerical range W (T)

Of TOIB(H) is defined as:-
W (T) = {<Tx,x>:x[H, ||x||=1},

Which is already compact when H is finite dimensional [4],
we also know that the convex hull conh (6(T)) of 6(T) of
TOB(H) is identical with W(T)when T is normal (or
subnormal)[5]

The notation n[1(T) denote the point spectrum of T , which
consist of the set of all eigen values of T , while n(T) denotes
the approximate point spectrum and define as :-n(T)={A[[I:- a
seq. {X,} of unit vectors in H such that:}

| (T-ADx, ||-->0 as n-->c.

The compression spectrum [ (T) of TLIB (H) is defined as [
(T) = {A11J: range (T-AI) #H}

Now, we will give our main results obtained in this paper in
three sections.

First section/ gives an example of 2 similar operators S and T
on H such that W(S) #W (T), we also give a necessary condition
an any 2 similar operators S and T on H to get that
W (T) =W(S), we also consider the case when W (T) and W(S)
are both closed polygons and we prove that W(T)=W(S) in this
case. We also consider the case when one of W (T) or W(S) is a
closed polygon and prove that the other contain P.

In section 2/ we prove that the numerical range W (T) of TU/B
(H) is unitarily invariant, and we conclude that the numerical
radius is also unitarily invariant.
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Finally, in section 3/ we generalize the results of the previous
section to the case of n-tuples of operators on H, where the joint
numerical range W(A) and the joint numerical radius w(A) of
A=(A,A,,....A,) are define as:-

W (A) = {(<A/Y, x>, <A, x>...<A, x>):x[1H, || X":l}
w (A) =sup. {|z|:z00W(A)}

Main results
Section. 1
Theorem.A.[5, page 39]
For any two similar operators S and T in B(H),
o(S)=o(T). moreover;
-1t (S)=m (T)
2-nt(S)=m(T)
3-T'(S)=I'(T)

Now, we need to show that the above fact for similar
operators will not valid for the numerical range (I.e. W(S)) and
W(T) may be different), by giving the following example.

Example:

Let be a 2-dimentional complex Hilbert space , and let
(1 0\ (1 1
T_(o o) ’S_(o o)

Clearly T and S are similar , since 3A=(1 1

0 1) such that

S=A"'TA
Now, we have

W(T)={ <Tx,x >: x€ H,||x|| =1}
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(5 D)) () > () Rl i)
:1}

={<(°9). ) > x=(5) €H, =1’ +l«c2* =1}

={xL al+02: [l +ec2]?=1, x=(3;) € H}

Because <x,y >= Y, <x,ei ><y,et > ,when [ei] is a
complete orth .normal .set for H and

<x,el >=Xi

={loc1?: o1 +Hec2 P =1 x=(3) €H
W(T)=[o,1], and

W(S)={<Sx,x > x €H, ||x|| =1}

~<(§ D) > Al 2P () €
Hj

L () e Al 4 iz =1,k
() €H)

Z{l)(oc1+o<2). o1 +0. o2 lc1]® + Jec2® =1,
x=(*) € H}

o2

=loc 1P +oc2. ol ol P Hoe2P=1, x=(33) € H}

Now, if we take z € W(S ) and consider Im(z) the imaginary
part of z , we have:

Im(z)=Im(||* +Im(c< 2. oc 1), but | 1|* is real
=Im(x2 oc1)
If we take o1 =1/2e ¥ ((i. e.With |x1| =1/2) , and
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2= |x2]. é with® #0 ,we get
loc2|= [1-(5)=V3/2
Lex1= ~ef

2

x2 = /3/2¢?

Now,

Im (z)=Im(x 2 1)
=Im (\/3/2.e1?.1/2.e719)
=Im(+/3/2 . e!(®-9)

But, » —60 #0
Thus, Ime 1(@-0) ()
=>Im (z)#0
i.e. z is not real
=z€ [0,1]=WT
=>W(T)# W(S)

In fact, one can compute W(S) as in [3] and can find that
W(S), is the ellipse with foci 0 and 1 and eccentricity sinf,
where 6 is the angle between the two Eigen vectors of S
corresponding to the Eigen values 0 and 1

Theorem 1.

Let T and S be similar operators on a Hilbert space H, if T and
S are subnormal, then:

WES=W (D)

Proof:

Since T and S are subnormal, we get that [5], [1]
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Conh(o(T))= W (T) and

Conh (G(S))Zm ,where Conh denotes the convex hull
But, T and S are similar , we get

o(T)=o(S)

Therefor

WT =Conh (6(T)) = conh (6(S)) =m .

Corollary.

Let T and S be similar operators on a finite dimensional
Hilbert space H.If T and S are subnormal then

W(T)=W(S)
Proof
By applying theorem 1, we get that:

W T)=W(SE) e, 1.1

Since H is finite dimensional, we conclude that the unit sphere
S(H)={ x€ H: ||x|| =1} of H is compact.

Now, W(T) is a continuous image of S(H), we will get that
W(T) is compact V T € B(H).

But we know that ,every compact subset of a Hausdorff space
is closed [6, page 153, theorem 11.5]

Le. (W (T)=W(T) and W (S$)=W(S)
therefore W(T)=W(S).

Now, we will take a geometric characterization for the
numerical range of similar operators,specially when the
numerical range of one of these operators ( or both of them) is
closed polygon.

Theorem .B ,[7, corollary 2.1]
For a complex Hilbert space H , and Te B (H),
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IfW (T) is a closed polygon then Conh (o(T))<W (T)
Lemma:

Let T and S be similar operators on, we have:

1-IfWT = closed polygon P , then W (S)contains P (and thus
W(S) contains P°)

2-If WTand WS are closed polygon then m= W_(S)
Proof:

Suppose that W= closed polygon P.

now , by applying theorem . B we get that :

Conh (S(TN=W (T oo, (1.2)

But, S and T are similar , from theorem . A we get that :
o(T)=0(S)...c.eeennn.t. (1.3)From (1.2) and (1.3) we get that:

But, we know that [5] ,the closure of the numerical range of
any operator contains the spectrum of that operator , i.e.

6(S)<W(S)), v S € B(H)
But W (S) is always convex [5].
Therefore

P=ConH (6 (S)) S W(S) ceeriiiiiiiiiiee, (1.5)
From (1.4) and( 1.5) we get that

W(T)<W(S)

ie. P<SW(S),

p'< W , where ()" denotes interior
But, a theorem of Bouldin [2], states that:
[W(I'SW(S), ¥SeB(H).
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Thus, P° <W(S).

Suppose thatW (T) =P1 ....................ooeel. (1.6)
W(S)=P2 (1.7)
Appling first part of Lemma on equation (1.6) we get

PL< W(S)=P2 el (*)

Again, we apply the first part of the Lemma on equation (1.7)
We will get

P2SW(T)=P2 e (**)

From (*) and (**) we get that : P1=P2
i.eW(T)=W(S).

Theorem .2

Let T and S be any two similar operator on a complex Hilbert
space H ,we have :

If W(T) is a closed polygon then W(S) contains :P° 1-
If W(T) and W(S) are closed polygon then W(T)=W(S)  2-
Proof

Follow directly from the Lemma , under assumption that
W(T) and W(S) are closed .

Section .2:

Let S and T be operators on Hilbert space H , a basic problem
is the determination of W(ST). In [4],

A super set for W(T) is given.
Remark.1 [5]

The inequality w(ST) < W(S).W(T) is not true when we take:

S=((1) 8) ,T=(8 (1)) , we have
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w(S) =w(T) =" ,but w(ST) =1

Remark :2 [5]

If S and T are normal operator on H,then:
w(ST)<w(S).w(T)

Proof

Since S and T are normal , we have:
w(S)=[ISIl, w(D=IT|

Now,

WEST) < ISTIF < IS T =w(S) .w(T)
Section.2

In this section, we prove that the numerical range is unitarily
invariant, and similarly for the numerical radius.

Theorem.3

Let T be any operator on a Hilbert space H, if U is a unitary
operator on H, then

WU T U)=W(T)

Proof:

WU TU)={<(UTUx x>x€H, |x|]|=1}
={<TUx,Ux > x €H,|x| =1}

But ||Ux|| = ||x||,Vx €H

=>||Ux|| = ||lx|]| =1V x €S (H) =sphere of H
=>||WI|(U*TU) ={<T Ux,Ux > : Ux € H, ||x||=1}
WUTU) SW(T) oo, (2.1)

By Appling (2.1) on U” since it is also unitary ,we get
W(U.U*TU .U*) < W(U*TU)
S>WTSWUTU) oo (2.2)
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From (2.1) and (2.2) we conclude that:

W(U*TU) =W(T)

Corollary:

Let T be operator on H .If U is a unitary operator on H, then:
w(U*TU)=w(T)

Proof

It follows directly from theorem. 3

Section.3:

In this section we generalize the results of section .2 to the
case of n-tubes of operators on H,

Theorem 4

Let A=(A1,A2,........ ,An) be any n-tuple of operators on H
and let U be a unitary operator on h, then

W(U*AU)=W(A)

Proof

By definition, we have:

WU AU)={(U* A1) x, x > < (U*A2U0)x,x >, .... . ,<
(U*AU)x,x >): x € H1||x|| =1}

={(<A1Ux,Ux > A2Ux,Ux > ....... ,<A ,Ux, Ux>): x€
H,||x||=1}

But, ||Ux|| =l|x]=1 .V x € S(H)

b

= W(U*AU)={(4,Ux, Ux><A4 ,Ux, Ux >,..... . <4 Ux,
Ux>): ||Ux|| =1,Ux €H }
SWUAU)S W(A) oo, (3.1)

Applying 3.1 for U” since it is also unitary , we get:
W(U.U*AU.U*) < W(U*AU)
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=S WA)SWUAU) oo, (3.2)
From(3.1) and (3.2) ,we get:
W(U*AU)=W(A):

Corollary:

Let A= (Al , A2 ,..., A, ) be any n-tuple of operators on H
,and U be any unitary operator on H,then :

W(U*AU)=W(A)
Proof

It follows directly from theorem 4

: gadell)
@Al gdall GAXY o Lagd 055 SN H o jdasliad L TS
g3dadl gl dulys et SIS (S) =W (T), sl 10 53—l

= Ol Lozl 5 i eln slisd o crgrlid o 53l
Sl JE)=W(T)]" 3= (S Yolialin JeasW(T) 0 13 .3,
(T J 5l ‘:g;.A;J\

W(S)=W(T) 0 slae adaian W(T)5 W(S) e JS 0L 13] . L38
O Lol S BLOY

unitary operator s 3 saU E>W(U*TU)=W(T) g
n-tuple Il 3 ialudl a i .L.:b
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