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Abstract: 

This paper presents the design of Linear Quadratic Regulator 

using Particle Swarm Optimization (PSO) method. The PSO method 

is used to set the elements of the weighting matrices subject to a 

proposed cost function. The proposed cost function is a combination 

of the quadratic performance index and integral time square error. 

The proposed design can overcome the difficulty in setting the 

weighting matrices with the suitable elements. To show the 

effectiveness of the proposed controller, a controlled vibration 

absorber is considered as a case study. 
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1. Introduction 

The Linear Quadratic Regulator (LQR) is widely used in many 

applications and has received considerable attention since 1950. It is 

an optimal multivariable feedback control approach that minimizes 

the excursion in state trajectories of a system with minimum control 

effort. LQR is a method of reducing the performance index to a 

minimum value which achieves an acceptable performance of the 

system [1, 2]. In a variety of references, the effectiveness of LQR 

has been described (see, for example [3] and [4]). Furthermore, 

some of new control algorithms in the literature have been derived 

based on LQR like the state derivative feedback in [5] and LQR for 

nonlinear control systems in [6]. 
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In this work, the design of LQR controller using PSO method is 

proposed. The Particle Swarm Optimization (PSO) method is used 

to automate and simplify the design procedure of LQR technique 

and obtain the optimal state feedback gains. The proposed method 

overcomes the drawbacks of the classic LQR technique and 

enhances the accuracy and performance of the system. 

2. Linear Quadratic Regulator Design 

For a linear time invariant system with 

 ̇( )    ( )    ( )  

 ( )    ( )    ( )                                                             (1)  

where x(t) represents the state vector, y(t) represents the output 

and u(t) represents the control vector. The LQR approach constructs 

a linear state feedback law expressed by [7]: 

 ( )     ( )                          (2) 

where K represents the state feedback gain matrix. The design of 

K is a tradeoff between the transient response and the control effort. 

The optimal control approach to this design tradeoff is to search for 

the control vector in equation (2) which minimizes the following 

performance index: 

  ∫ (  ( )  ( )    ( )  ( ))  
 

 
                                   (3) 

where         represents symmetric positive semidefinite 

state weighting matrix, and         is a symmetric positive 

definite control weighting matrix. The control gain matrix is given 

by: 

                                                                                    (4) 

where P is the unique symmetric positive semi-definite solution 

to the algebraic Riccati equation (ARE) which expressed by: 

                                                             (5) 
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It is required that (A, B) is stabilizable and (A, C) is detectable. 

In this work, the PSO method is used to obtain the optimal 

values of the weighting matrices of LQR. The PSO concept 

involves, at each time step, changing the velocity of each 

particle towards its global best and local best locations. The 

particles are manipulated according to the following equations 

of motion [8, 9]: 
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where k
iv  is the particle velocity, k

ix  is the current particle 

position, w  is the inertia weight, b
ix  and 

g
ix  are the best value and 

the global best value, rand is a random function between 0 and 1, 

1c  and 2c  are learning factors. The PSO requires only a few lines 

of computer code to realize PSO algorithm. Also it is a simple 

concept, easy to implement, and computationally efficient 

algorithm [10]. 

The weighting matrices Q and R are important components of 

LQR and their elements have great effects on the system 

performance. The selection of elements of these matrices is 

normally based on iterative procedure using experience and physical 

understanding of the problems involved [7]. Commonly, a trial and 

error method is used to set the elements of Q and R matrices. The 

trial and error method is very simple but it is not feasible for high 

dimensional systems and even for simple systems is labor-intensive, 

time consuming approach and the expected performance cannot be 

guaranteed [1]. Therefore, to enhance the LQR design, the PSO 

method is used to overcome the difficulty in finding the right 

weighting matrices which limits the application of LQR subject to 

the following proposed cost function: 
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where    is the estimated settling time. 

3. Numerical Example 

A vibration absorber system is considered in this work to show 

the effectiveness of the presented method. The configuration of the 

system is shown in Figure 1. This system is MIMO linear system 

with two inputs and two outputs. The dynamic equations of this 

system are [11]: 

   ̈ ( )    ( ̇ ( )   ̇ ( ))      ( )    ( ) 
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The state space form is: 
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where   ( )    ( )   ( )   ̇ ( )   ( )    ( )   ( )   ̇ ( ). 

The nominal values of system parameters are:              
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For the considered (   ) system, the proposed cost function in 

equation (8) is rewritten as: 
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Figure 2 shows the transient response of the uncontrolled 

system. It is shown that the system needs more than 50 sec. to 

reach the steady state. To improve the system performance, the 

LQR with tuning of Q and R matrices using PSO method subject to 

the proposed cost function in equation (11) was first applied. The 

resulting transient response is shown in Figure 3. It is clear that the 
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trajectory of the controlled system approaches the equilibrium 

within 0.2 sec. for the first output and 1.4 sec. for the second 

output. The obtained control inputs using LQR are shown in Figure 

4. The PSO parameters are set to: swarm size=25,        , 

w=1.5 and number of iterations=2000. The convergence rate of 

PSO algorithm  

 

 

 

 

  [                                    
                                    ] 

4. Conclusion 

In this work the design of Linear Quadratic Regulator using 

PSO method has been presented. The PSO method was used to 

optimal tuning of LQR weighting matrices subject to a proposed 

cost function. The proposed cost function has combined the 

quadratic performance index and integral time square error 

performance index. The results showed that the proposed design can 

achieve a desirable time response specifications with automatic and 

optimal tuning of LQR weighting matrices.  

 

  

Figure 1: Vibration absorber system Figure 2: Transient response of the 

uncontrolled system with 

𝒙(𝟎)   𝟎 𝟏 𝟎 𝟎 𝟏 𝟎 𝑻. 
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 الخلاصة:

الحشذذيلليذذ الاحث ذذدل تذذيملللذذظم لحطظذذهتر لالخ ذذسلاحاممأذذسلم  ذذ  يامل   طمذذ للل
الجز ئس.لاىلنترر  لالحشيلالجز ئسللس  يملحضثطلعه صرل لذوفا  لاحذف ىلاع ظذ  الللل
عطذذدل احذذ ل طوذذ ل تاتيذذ لعاحذذ ليذذسلعثذذ ن لعذذوللشذذءمط ل ذذول أ  ذذ لا  ا لاحاممأذذسللل
عاح ء   للمرمذ لالخ ذ .لاىلاح لذظم لالمتذاغل  عطذ لعطذدلاحلذأفم ل لعظطمذ لا  مذ نلللللللللل

المه  ذذث لح طذذعلاحأه صذذر.لاىلاأ حمذذ لاح لذذظم للعه صذذرل لذذوفا  لاحذذف ىلعيذذيلاحتذذم لل
لالمتاغلتملاثث لً لعولطر قلل ثمقلالمهتر لعطدل هترف  لا  ل صلا ي زا ا .

Figure 3: Transient response of the controlled system using LQR 

with 𝒙(𝟎)   𝟎 𝟏 𝟎 𝟎 𝟏 𝟎 𝑻 

Figure 4: Control inputs of the controlled system using LQR. 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-0.02

0

0.02

0.04

0.06

0.08

0.1

Time (sec)

y
1

(t
)[

m
] 

a
n

d
 y

2
(t

)[
m

]

0 200 400 600 800 1000 1200 1400 1600 1800 2000
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Iterations

C
o
s
t 

fu
n

c
ti
o

n
 v

a
lu

e

Figure 5: PSO algorithm convergence rate for LQR. 

 



Linear Quadratic Regulator Design using Particle Swarm Optimization ………………………………....(165) 

References: 

[1] Kaveh H., Won, S. L., Optimal Tuning of Linear Quadratic Regulators using 
Quantum Particle Swarm Optimization, Proceedings of the International 
Conference of Control, Dynamic systems and Robotics, Ottawa, Canada, pp. 
59-1—59-8, 2014. 

[2] Aamir, H. O. A, Optimal Speed Control for Direct Current Motors using 
Linear Quadratic Regulator, Journal of Science and Technology-Engineering 
and Computer Sciences, Vol. 14, No. 2, 2013. 

[3] Maximilian B., Wei Z., Alessandro A., On Infinite Horizon Switched LQR 
Problems with state and Control Constraints, Systems and Control Letters, 
Vol. 61, pp. 464-471, 2012. 

[4] Kevin L. M., Naidu D. S., Murali S., A Real Time Adaptive Linear 

Quadratic Regulator using Neural Networks, European Control Conference 

(ECC), Groningen, Netherlands, July, 1993. 

[5] Taha H. S. A., Michael V., State Derivative Feedback by LQR for Linear 

Time Invariant Systems, Proceedings of the 16
th
 IFAC World Congress, 

Czech Republic, pp. 933-938, 2005. 

[6] Rodrigues C. R., Kuiava R., Ramos R. A., Design of a Linear Quadratic 

Regulator for Nonlinear Systems Modeled via Norm-Bounded Linear 

Differential Inclusions, 18
th
 IFAC World Congress, Milano, Italy, pp. 7352-

7357, 2011. 

[7] Vinodh K. E., Jovitha J., Robust LQR Controller Design for Stabilizing and 

Trajectory Tracking of inverted Pendulum, Procedia Engineering, Vol. 64, 

pp. 169-178, 2013. 

[8] Hazem I. A., Design of PSO Based Robust Blood Glucose Control in 

Diabetic Patients, IJCCCE, Vol. 14, No. 1, 2014. 

 [9] A. A. El-Saleh, M. Ismail, R. Viknesh, C. C. Mark and M. L. Chen, 

“Particle swarm optimization for mobile network design”, IEICE Electronics 

Express, Vol. 6, No. 17, pp. 1219-1225, 2009. 

 [10] Hazem I. A., Yassir K. A., Ali M. M., PSO Based PID Controller Design 

for a Precise Tracking of Two-Axis Piezoelectric Micro positioning Stage, 

Engineering and Technology Journal, Vol. 3, No. 17, 2013. 

[11] Cardim R., Teixeira M. C. M., Assuncao E., Covacic M. R., Design of state 

Derivative Feedback Controllers using State Feedback Control Design, 3
rd

 

IFAC Symposium on System, Structure and Control, Brazil, 2007. 

 


